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THE KADETS 1/4 THEOREM FOR POLYNOMIALS
JORDI MARZO AND KRISTIAN SEIP
Abstrat. We determine the maximal angular perturbation of the (n + 1)th roots of
unity permissible in the MarinkiewizZygmund theorem on Lp means of polynomials
of degree at most n. For p = 2, the result is an analogue of the Kadets 1/4 theorem on
perturbation of Riesz bases of holomorphi exponentials.
1. Introdution
A lassial theorem of J. Marinkiewiz and A. Zygmund generalizes the elementary
mean value formula
(1)
1
n+ 1
n∑
j=0
∣∣∣P (ei 2pijn+1)∣∣∣2 = ∫ 2pi
0
|P (eiθ)|2
dθ
2pi
,
valid for holomorphi polynomials P of degree at most n, in the following way: For 1 <
p <∞, there is a onstant Cp independent of n suh that
(2)
C−1p
n + 1
n∑
j=0
∣∣∣P (ei 2pijn+1)∣∣∣p ≤ ∫ 2pi
0
|P (eiθ)|p
dθ
2pi
≤
Cp
n + 1
n∑
j=0
∣∣∣P (ei 2pijn+1)∣∣∣p
for every omplex polynomial P of degree at most n. (See [8℄ or Theorem 7.5 in Chapter
X of [15℄.) It is natural to ask if the norm equivalene expressed by (2) remains valid if
we replae the (n + 1)th roots of unity ωnj = e
i 2pij
n+1
by n + 1 points znj on the unit irle
with a less regular distribution. C. K. Chui, X.-C. Shen, and L. Zhong [2℄ onsidered this
problem and found that the norm equivalene is stable under small perturbations of the
points ωnj. We will prove the following sharp version of their result:
Theorem 1.1. Suppose 1 < p <∞ and set q = max(p, p/(p−1)). The following statement
holds if and only if δ < 1/(2q): There is a onstant Cp independent of n suh that if
| arg(znjωnj)| ≤ 2piδ/(n+ 1) for 0 ≤ j ≤ n, then
(3)
C−1p
n + 1
n∑
j=0
|P (znj)|
p ≤
∫ 2pi
0
|P (eiθ)|p
dθ
2pi
≤
Cp
n + 1
n∑
j=0
|P (znj)|
p
for every holomorphi polynomial P of degree at most n.
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We will see that this theorem is a onsequene of a general result of Chui and Zhong [3℄,
haraterizing the so-alled Lp MarinkiewizZygmund families (to be dened below) in
terms of Mukenhoupt (Ap) weights.
Readers familiar with PaleyWiener spaes will see the analogy with the Kadets 1/4
theorem on perturbations of Riesz bases of omplex exponentials in L2 of an interval [4℄.
One may view polynomials as disrete versions of band-limited funtions, with the degree of
the polynomial being the ounterpart to the notion of bandwidth. The identity (1) is the
disrete analogue of the Planherel identity orwhat amounts to the samethe Shannon
formula for bandlimited funtions. In the ase when p = 2 and we require δ < 1/4, our
theorem orresponds preisely to the Kadets 1/4 theorem. The Lp version (1 < p <∞) of
the Kadets theorem, analogous to our theorem, an be found in [7℄.
It is interesting to note that our problem as well as that of the lassial Kadets theorem
ts into a general theory of unonditional bases in so-alled model spaes. (See [13℄, [10℄,
and [6℄ for original work and [11℄ or [14℄ for more reent expositions.) In partiular, the
theorem of Chui and Zhong to be used in this note an be obtained from a theorem given
in [6℄. We refer to [9℄ for the details of this link and to [12℄, where the onnetion between
MarinkiewizZygmund inequalities and model spaes was rst mentioned expliitly.
For p = 2, the proof to be given below is an adaption of S. Khrushhev's proof of the
lassial Kadets 1/4 theorem [5℄, and, for general p, we at in a similar way as was done in
[7℄. Khrushhev also showed how to obtain other perturbation results, suh as a theorem
of S. Avdonin [1℄. We will onne ourselves to proving the theorem stated above and refer
to [9℄ for the ounterpart of Avdonin's theorem as well as other analogues of results for
Paley-Wiener spaes and families of omplex exponentials.
2. Preliminaries
Suppose that for eah nonnegative integer n we are given a set Z(n) = {znj}
n
j=0 of
n + 1 distint points on the unit irle. We denote by Z = {Z(n)}n≥0 the orresponding
triangular family of points. The family Z is delared to be uniformly separated if there
exists a positive number ε suh that
inf
j 6=k
|znj − znk| ≥
ε
n+ 1
for every n ≥ 0.
We will say that Z is an Lp MarinkiewizZygmund family if there exists a onstant
Cp > 0 suh that for every n ≥ 0 and omplex polynomial P of degree at most n, we have
(4)
C−1p
n + 1
n∑
j=0
|P (znj)|
p ≤
∫ 2pi
0
|P (eiθ)|pdθ ≤
Cp
n + 1
n∑
j=0
|P (znj)|
p.
In order to desribe suh families, we assoiate with Z the following generating polynomials
Fn(z) =
n∏
j=0
(
1−
n
n+ 1
zjnz
)
.
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The theorem of Chui and Zhong reads as follows [3℄.
Theorem 2.1. Suppose 1 < p < ∞. The family Z = {Z(n)}n≥0 of points on the unit
irle is an Lp MarinkiewizZygmund family if and only if it is uniformly separated and
there exists a onstant Kp suh that
(5)
(
1
|I|
∫
I
|Fn(e
iθ)|pdθ
)1/p(
1
|I|
∫
I
|Fn(e
iθ)|−p/(p−1)dθ
)(p−1)/p
≤ Kp
for every subar I of the unit irle and every n ≥ 0.
In other words, the sequene |Fn|
p
satises a uniform (Ap) ondition.
In the proof of the positive part of the p = 2 ase of our theorem, we will make use of
the equivalene between the (A2) and HelsonSzeg® onditions. We will derive the result
for p 6= 2 from the p = 2 ase using the following estimate.
Lemma 2.2. Let α, κ > 0 be given, and set ρκn = max(1/2, 1 − κ/(n + 1)). If a given
triangular family of real numbers δnj satises supnj |δnj | < 1/2, then∣∣∣∣∣
n∏
j=0
(z − ρκne
2pii(j+αδnj )
n+1 )
∣∣∣∣∣ = Rn(z)
∣∣∣∣∣
n∏
j=0
(z − ρκne
2pii(j+δnj )
n+1 )
∣∣∣∣∣
α
,
where Rn(z) is bounded from above and below by positive onstants, independently of z ∈ T
and n ≥ 0.
Proof. Set
Pβ(θ) =
∣∣∣∣∣
n∏
j=0
(eiθ − ρκne
iλj(β))
∣∣∣∣∣ , where λj(β) = 2pijn+ 1 + 2piβδnjn+ 1 .
We have
logPβ(θ)− logP0(θ) = Re
n∑
j=0
∫ ρκneiλj(β)
ρκne
iλj(0)
dξ
ξ − eiθ
=
n∑
j=0
∫ λj(β)
λj(0)
h(θ − t)dt,
where
h(t) =
ρκn sin t
1 + ρ2κn − 2ρκn cos t
.
By the fundamental theorem of alulus,
logPβ(θ)− logP0(θ) =
n∑
j=0
(λj(β)− λj(0))h(θ − λj(0)) +
n∑
j=0
∫ λj(β)
λj(0)
∫ t
λj(0)
h′(θ − τ)dτdt.
We ompute h′(t) and nd that the absolute value of the latter sum is bounded indepen-
dently of θ and n. Therefore,
logPα(θ)− logP0(θ) = α
n∑
j=0
2piδnj
n+ 1
h(θ − λj(0)) + bn,α(z)
= α(logP1(θ)− logP0(θ)− bn,1(z)) + bn,α(z)
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with uniform bounds on the L∞ norms of bn,α. This gives the result beause P0(θ) is
trivially bounded from above and below by positive onstants, independently of z ∈ T and
n ≥ 0. 
3. Proof of the theorem: Suffiieny
For eah set Z(n), we dene Cp(Z(n)) as the minimum of all positive numbers C suh
that
C−1
n + 1
n∑
j=0
|P (znj)|
p ≤
∫ 2pi
0
|P (eiθ)|p
dθ
2pi
≤
C
n + 1
n∑
j=0
|P (znj)|
p
for every omplex polynomial P of degree at most n. Among all sets Z(n) satisfying
| arg(znjωnj)| ≤ 2piδ/(n + 1) for 0 ≤ j ≤ n, we may hoose a set with maximal Cp(Z(n)).
From now on, we will assume that the points znj = ωnje
2piiδnj
n+1
onstitute a set of points
with this extremal property. It sues to show that the orresponding triangular family
is an Lp MarinkiewizZygmund family. Clearly, this family is uniformly separated when
δ < 1/(2q).
When p = 2, ondition (5) is equivalent to the following uniform Helson-Szeg® ondition:
There exist sequenes un and vn of real funtions in L
∞(T) suh that
(6) |Fn|
2 = eun+fvn with sup
n
‖un‖∞ <∞ and sup
n
‖vn‖∞ < pi/2.
Here v 7→ v˜ denotes the onjugation operator.
We need two steps in order to identify the appropriate funtions un and vn. In the
rst step, we pull the points znj more deeply into the unit dis. For κ > 0, we set
ρκn = max(1/2, 1− κ/(n+ 1)). We dene
Fκn(z) =
n∏
j=0
(1− ρκnznjz).
For xed κ > 0, we nd that
|Fn(e
it)|2 = euκn(e
it)|Fκn(e
it)|2,
with supn ‖uκn‖∞ <∞.
We now move to the seond step. Writing
Bκn(z) =
n∏
j=0
z − ρκnznj
1− ρκnznjz
,
we get
Bκn(z) = z
n+1Fκn(z)
Fκn(z)
= zn+1
|Fκn(z)|
2
F 2κn(z)
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for |z| = 1. Sine F 2κn is an outer funtion with F
2
κn(0) = 1, this means that F
2
κn = e
gvκn
,
where
vκn(e
iθ) =
∫ θ
0
n∑
j=0
1− ρ2κn
|eiη − ρκnznj |2
dη − (n + 1)θ − c
and c is any suitable onstant. If we set
c =
n∑
j=0
∫ 0
−2piδj
1− ρ2κn
|eiη − ρκnωnj|2
dη,
then we may write
vκn(e
iθ) =
n∑
j=0
∫ θ−2piδj
0
1− ρ2κn
|eiη − ρκnωnj|2
dη − (n+ 1)θ.
On the other hand, using that∫ θ+2pi/(n+1)
θ
n∑
j=0
1− ρ2κn
|eiη − ρκnωnj|2
dη = 2pi and
∣∣∣∣∣
n∑
j=0
1− ρ2κn
|eiη − ρκnωnj|2
− (n + 1)
∣∣∣∣∣ ≤ C(n + 1)κ ,
we get
vκn(e
iθ) =
n∑
j=0
∫ θ−2piδj
θ
1− ρ2κn
|eiη − ρκnωnj |2
dη +O(κ−1)
when κ→∞. Consequently,
‖vκn‖∞ ≤ sup
θ
∫ θ+2piδ/(n+1)
θ
n∑
j=0
1− ρ2κn
|eiη − ρκnωnj|2
dη +O(κ−1) = 2piδ +O(κ−1).
Assuming δ < 1/4, we now obtain (6) by hoosing κ suiently large.
Finally, we onsider the ase p 6= 2. We introdue the triangular family given by the sets
Zq/2(n) = {e
iλnj(q/2)}nj=0 with λnj(q/2) =
2pij
n+ 1
+
piqδnj
n+ 1
.
If δ < 1/(2q), then the p = 2 ase applies. In other words, if we set
Gn(z) =
n∏
j=0
(
1− ρκne
−iλnj(q)z
)
,
then the funtions |Gn|
2
meet the uniform (A2) ondition. By Lemma 2.2 and Hölder's
inequality, this implies that the funtions |Fn|
p
satisfy the uniform (Ap) ondition.
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4. Proof of the theorem: Neessity
We will onsider the sets
Z(2n) =
{
e2piij/(2n+1)
}n
j=0
⋃{
e−2pii(j−2δ)/(2n+1)
}n
j=1
,
whih an be viewed as perturbations of the rotated (2n+1)th roots of unity e2piδ/(2n+1)ω(2n)j .
Let F2n be the generating polynomial for Z(2n). We set φn(z) = F2n(z)/(z
2n+1 − ρ2n+12n )
and observe that we may write
φn(z) =
n∏
j=1
z − ρ2ne
−2pii(j−2δ)
2n+1
z − ρ2ne
−2piij
2n+1
.
We have
log |φn(z)| = ℜ(log φn(z)) = ℜ
n∑
j=1
∫
Γnj
dξ
ξ − z
,
where Γnj is the ar with the parametrization Γnj(t) = ρ2ne
−2piij
2n+1 e
it
2n+1
, 0 ≤ t ≤ 4δpi. It
follows that
|φn(e
it)| −→
∣∣∣∣1− eit1 + eit
∣∣∣∣2δ
for 0 < t < pi. By Fatou's lemma,(∫ pi
0
∣∣∣∣1− eit1 + eit
∣∣∣∣2δp dt
)(∫ pi
0
∣∣∣∣1− eit1 + eit
∣∣∣∣−
2δp
p−1
dt
)p−1
≤ lim inf
n
∫ pi
0
|φn|
p
(∫ pi
0
|φn|
−
p
p−1
)p−1
.
Hene, when δ = 1/2q, the weights |φn|
p
do not meet the uniform (Ap) ondition, and
the same holds for the weights |F2n|
2
sine the polynomials z2n+1 − ρ2n+12n are uniformly
bounded away from 0 for |z| = 1.
Referenes
[1℄ S. A. Avdonin, On the question of Riesz bases of exponential funtions in L2, (Russian) Vestnik
Leningrad. Univ. Ser. 13 (1974).
[2℄ C. K. Chui, X. C. Shen, and L. Zhong, On Lagrange interpolation at disturbed roots of unity, Trans.
Amer. Math. So. 336, no. 2, 817-830, 1993.
[3℄ C. K. Chui and L. Zhong, Polynomial interpolation and Marinkiewiz-Zygmund inequalities on the
unit irle, J. Math. Anal. Appl. 233, no. 1, 387-40, 1999.
[4℄ M. I. Kadets, The exat value of the Paley-Wiener onstant, Sov. Math. Dokl. 5, 559- 561, 1964.
[5℄ S. V. Khrushhev, Perturbation theorems for bases onsisting of exponentials and the Mukenhoupt
ondition, Dokl. Akad. Nauk SSSR 247 (1979), 4448
[6℄ S. V. Khrushhev, N. K. Nikol'skii, and B. S. Pavlov, Unonditional bases of exponentials and of
reproduing kernels, Complex Analysis and Spetral Theory (Leningrad, 1979/1980), Leture Notes
in Math., vol. 864, 214-335, Springer-Verlag, Berlin-New York, 1981.
[7℄ Y. I. Lyubarskii and K. Seip, Complete interpolating sequenes for Paley-Wiener spaes and Muken-
houpt's (Ap) ondition, Rev. Mat. Iberoameriana 13, no. 2, 361-376, 1997.
[8℄ J. Marinkiewiz and A. Zygmund, Mean values of trigonometrial polynomials, Fund. Math. 28,
131-166, 1937.
THE KADETS 1/4 THEOREM FOR POLYNOMIALS 7
[9℄ J. Marzo, Ph.D. Thesis, Universitat de Barelona, 2008.
[10℄ N. K. Nikol'skii, Bases of exponentials and values of reproduing kernels, (Russian) Dokl. Akad. Nauk
SSSR 252 (1980), 13161320.
[11℄ N. K. Nikol'skii, Operators, Funtions, and Systems: An Easy Reading. Vol. 1-2, Translated from
the Frenh by Andreas Hartmann and revised by the author, Mathematial Surveys and Monographs
9293, Amer. Math. So., Providene, RI, 2002.
[12℄ J. Ortega-Cerdà, J. Saludes, Marinkiewiz-Zygmund inequalities, J. Approx. Theory 145, no. 2,
237-252, 2007.
[13℄ B. S. Pavlov, The basis property of a system of exponentials and the ondition of Mukenhoupt, Dokl.
Akad. Nauk SSSR, 247, no. 1, 37-40, 1979.
[14℄ K. Seip, Interpolation and Sampling in Spaes of Analyti Funtions, University Leture Series, 33.
Amer. Math. So., Providene, RI, 2004.
[15℄ A. Zygmund, Trigonometri Series: Vols. I,II, Seond edition, Cambridge University Press, London-
New York 1968.
Universitat de Barelona, Gran Via 585, 08071 Barelona, Spain
E-mail address : jmarzoub.edu
Department of Mathematial Sienes, Norwegian University of Siene and Tehnol-
ogy, NO-7491 Trondheim, Norway
E-mail address : seipmath.ntnu.no
